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Only problems on the stress concentration near a single round hole have been investigated
[1 to 3] in the context of the plane problem of the theory of elasticity with couple stress.

In the present paper we offer a method for solving plane problems of theory of elasti-
city with couple stress for a plane, weakened by a finite number of arbitrarily situated
circular unconnected holes. It is shown that the problems are reducible to infinite systems
of algebraic equations. The basic inequalities and relations required to prove the quasi-
regularity of infinite systems and the uniqueness of the solution are obtained.

The problem of two circular holes of equal size is discussed in detail. The quasi-
regularity and uniqueness of the solution of the resulting infinite system of algebraic
equations is proved under the following conditions: (1) a self-balanced load is applied
to the contours ; (2) the normal and tangential components are continuous functions whose
first derivatives satisfy the Dirichlet condition; (3) the distributed couples and first de-
rivatives are continuous functions, while the second derivative satisfies the Dirichlet
condition.

Following [1], let us write out the basic equations of plane deformation of theory of
elasticity with couple stresses in the polar coordinate system.*

The basic equations are

AAg =0, A(A——j)mpzo (1

The compatibility equations are

a 1 0
s (r?— A p=—2(1 =)< 55 Ap (@

* All coordinates and linear dimensions are dimensionless and referred to r,.
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Let us consider the state of stress of an infinite plane weakened by m circular holes
{Fig. 1) of radius R, k=1, ..., m).

To each of the holes we assign a coordinate system (xk, ylc)’

. . ig .
TAiy=z Txtiyx=12x, =Ty %, z=re?®

. (4
z = gy + Iy, zk—;zq..]Lquewkq bg=1,...,m)

The solution of the problem then reduces to the solution of Equations (1) under con~
dition {2) for the m~connected region § bounded by the contour L = L, + ... + Lj. It should
be noted that this solution must satisfy the conditions of single-valued displacements and
the conditions ‘at infinity’ ; the latter reduce to the decay of the stress and strain compon-
nents.

The solution of Equations (1) under condition (2) for an m-connected region can be
written as

@
0= X 4 hnry + 3 5[40 Cr )

=1 S5 LB W D,,@ ‘ (5)
- ' (@) ro 3 o P _
b= SRR (r ) 35 TR (r ) o, 8 (— vy
=1 e=1p=1 By
m oo 1 Dp(tl) _pcos
x Z E (p— )C @7 sin P, (6)
g=1 p= P

When the principal vector and principal moment of the stresses applied to each contour
are equal to zero, the conditions of single-valued displacements and the conditions ‘at
infinity’ are fulfilled provided we set

C,®=D@ =20 g=1,..., m) (7

Let us represent solution (5) and {6) in the k-th coordinate system. We begin by
recalculating the harmonic and biharmonic fanctions. To this end we consider a fanction
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which is analytic for |z| < | and expand it into a Taylor series for|z| <|a|,

-~ - —4i 1
O R R = L R
n=>D

Setting here o = Ry.£%¢ and z= z;, (4), we obtain

cos o (p+n—1) "k” cos
rq-psin POy =& 2 (=17 nt(p—1) REI® [cos neksin (n+ P) Pxg +
ne=0 .

. ©
+ sinnby ool (7 + P) %q]

n+i
o cos (p+n—1) S "kﬁ _ i x
wzsmpeq"'+2( —1y nl(p—2)! Rmn—z[P+n.a-1 R2nt1d X
. i Tk
[cosnu o2 (1 + B) Pra + sin by o (m-+ P) @rg | (— D™ X

x[oos By s (p— 1) Pue + sinbi g (P—DPre] ¥ <)

For In 7, we have the following series [4]:

7 an
oo n
Inr,=InRy;, — 2" -:— (R—r-"—-) (c0os 1By cos nQyg -+ sinnb Sin APyy) (1, < Ry
: “kg
==l

From the addition theorem for cylindrical functions [5] we obtain
OO
coSs
Ky (erg) on POy = (—1) 3 ealn(ery {[Koen (cRxo) gin (0 + PY oo =

+ Kpn (¢Rag) Sos (n— P) %,-] 003 1B == [ Kpun (i) g (n + P) Py = 1)

sin
sin . 0.5 n=0
+Kpn (Cqu)cos ‘?kq]smn }, an:’"{ g n>0; c=const; r, <R,

Substitating (9) to (12) into (5) and (7), we obtain the solution in the k-th coordinate
system in the form of Fourier series, which enable us to satisfy the boundary conditions
at the %~th contour (k =1, ..., m).

Let us introduce into (5) and (6) the following new constants, the need for which will
become more obvious below:

) r
Ap(q =z, (@ Cp(q) = z,, @ Ep(a) =1, (Rq 79_)

Bp(q) =z, f‘q)’ D () =z § ((1) ) Fp(d) =T (R _...) Zp,§ @

(q)
Tp, 8

(13

Substitating (5) and (6) into the boundary conditions at the k-th contour and taking
account of {13) and (9) to (13), we obtain the infinite system in the form

m [s.03
B,W*y & , <V B, Box @ __ p (s (k=1.---,m
" "*E;Eo meoe " n=0,...00) (14
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Here and below the {srlme next to the summation sign means that the term w:th q=4k
ky**
B(

is ormtted in the sum. X are six-dimensional vector columns; B ()* and

B(k % are the snx—dxmens:onal matrices
X' =z BT = b BT =0T, k)
Bn, g 7= an(n p. &, (i, /=14,...,86) (15)

Multiplying (14) by I/B(f:) (it can be shown that B(ﬁ)* is a nondegenerate matrix),
we obtain the infinite system in the canonical form [6],
m o
X0 F Gy )y (0 __p (k) k=1,...,m
i +Z zJAn’p Xp bn n=20,..., 00
=1 p=0 (16)
L] k - .
An$ =lay, p k@l B = B} Gi=L...,8)

Let us cite certain relations required for proving the quasiregularity and uniqueness
of the solutions of infinite systems of the form (16). From [7] and Stirling’s formula for
|n] > |1], we have

E@~"FE (1) Le~g(5) )

4 In addition, for any n we can obtain [5] the

5. 4 estimate

AN AN

D morcnd (3o ons o
R

From (17) and (18), for a large n, we obtain
FIG. 2 the following estimate:

Ko (B ro/lcos(n-kpy @y, £ K, (R, re/l)cos{n—p)g
o p+n\kg kq p-n‘kg kq
IP (Rq T) K (fre/l) <

(19)
< K (p+ n)l ( q )'p+n
2Tarpl qu

Relations (17) to (19) and various implications of expansion (8) are sufficient to
prove the quasiregularity and uniqueness of the solutions of infinite systems under
boundary conditions of fairly general form in the case of a finite number of arbitrarily
situated nonadjacent holes. For conciseness, let us consider two holes of equal size.

Liet us examine the state of stress of an infinite plate weakened by two equal circular
holes (Fig. 2) of radius ry, their centers separated by the distance Rry,

Ry=1, Ry=R, 9,3,=0 g@gu==n (k=1,2) (20)

We shall assume that a load symmetrical with respect to the x- and y-axes has been
applied to the hole contours The boundary conditions can then be written as

(n) . 2 (1) n
S, | pymr = Za cosnby,  Trg|r— ,4 sin n6,
n==0 o=l
o0

oo
B rm1 = 2 p‘r(m sinn 8y, O, | pim1 = Z (Mi)ncf(n) cos
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[ee] o
< .
Tro,| ey = ) (=177, cos nd,, Bl rmy Oy (=10, sin n8,
n=1 n=1

In accordance with (5) and (6) the solution satisfying the conditions of traction and
geometric symmetry are taken in the form

9=A(lnr+1lor)+ 2 {An [Cosne‘ 4 {2 cos by ] +
n=1

n n
r o rs (22)
cos ny (—1)™ cos nb;
+ C’ﬂ[ rln—z + rzn—2
o] e o]
r r 12
v= D E, [Kn (r1 0 ) sin n0; + (—1)"K (rz ) sinneg] +8(1— )y 2 Caln—1)x
n=t n=1
[sin noy (—1)"sin n 6, ] (23)
x rln r2"
Ap= An(l)v Cp= Cn(l)r Ep= En(l)
(24)
In addition, we take account of the relations
AP =P A, G = (0P, B = (Y (2)

which are valid by virtue of the geometric and traction symmetry of the problem. A solution
in the form (22) and (23) enables us to satisfy boundary conditions only at the contour of
the left-hand hole; the boundary conditions at the contour of the right-hand hole are then
satisfied automatically. From the conditions that the principal vector and principal moment
at each contour are equal to zero and from the conditions ‘at infinity’, we obtain

o) =B, e =0 (26)

In accordance with (13), we introduce the following new constants into (22) and (23):
-

Ap =2, 1, Cp=1p, 2 Fp =1, (%)xn,s @7

Substituting (22) and (23) into the boundary conditions at the left-hand hole (21) and
taking account of (3), (9) to (12), and (27), we obtain the infinite system. Let us consider
this system for n = 0 and define

o0
Y ) NV P
A==rg ‘_Gr + 2 pé ZTp,1 ror_,Rp—Z (28)

Taking account of (28), we obtain an infinite system of the form

[ee]

By Xn + D) BppXp=B," (n==1,...,00)
p=1 (29)

Xn={2n,ih B =1{b"" (1)}, By =[bi;" ()], Brp=lbij(n, p) (&, ] =1, 2, 3)
Here for n =1 the first and second equations coincide and x, , = 0 by virtue of (27).

Let us cite the values of bi]-* (n), bij (n, p), and b].** (n) fori, j=1,2,3:
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n—1 n—1
by** (n) = cr(n} — Gr(o) —— . b*(n)= Tra(m 3 cr{O) bg** (n) = P'r(")
Consider now the determinant |8 n |. Making use of asymptotic forms more exact as
compared with (17), for large n we obtain

53— 2v
| Bp*[~2 S (31
From (31) it follows that the matrix B * is nondegenerate. Multuplying (29) by 1/B_*
we obtain the infinite system in canonical form,

Lo}
X, + 2 Ap, pXp = B, (n=1,..., 00)
p=1

(32)
For n =1 the first and second equations in {32) coincide, and x, , = 0;
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(33)

*
B,**

Bn, .
0 Ba="pas Aup=la(npl Ba=G;(}  (Li=1,23)

An,p = Bn

From (17) to (19), (30), (31), and (33) we obtain the estimate

! i
| aji(n, py| < Ks (n __(g)_t‘(;)__ 1)1 ppn (34)

We shall assume that o =1 and Thi 8 1] = 1 are continuous functions whose first

rilr r1
derivatives satisfy the Dirichlet condition; gz, ., =1 and its first derivative are continu-
ous, its second derivative satisfying the Dirichlet condition. In this case from (17), (18),

(30), (31), (33), and (8} we obtain

K
1b;(n)| < - (35)
Let us consider the sum
oo
2 Fagz(n, p}l (36)
p=1

It is clear that these sums are bounded for any n. Let us investigate the sum for
large n. From (34) we obtain

S o (! {
gllaw(n’ p)l<K3,§1 ST =TT o 37

In order to sum the series on the right-hand side of (37), let us consider the fanction

d
o r—0(n—2)f{z, n 41, a) (38)
Substituting (8) into (38) and differentiating term by term, we obtain

an(n?—1)(n —2) :oo -1 (p+n)! 1 29
(u_"z)mvz Zz (n—31(p—1)1 o (lzi<|a|) (39)

Setting z=1 and @ = R in (38), we find from (37) and {38) that

=1

S ai,j(n, )| <Ky 2= D0 —2) (,i=1,2,3) (40)
—t (R_,I)TH2

In the case of nonadjacent holes, R > 2. This implies that
o0
D laj(n, pY[—0 (i, 1=1,23) (41)
=1 n-+00
i.e. that there is an n° such that

Z \a,”-(/z, p)l<t (r=n%+1,.., oo} (42)
p=1

From (35) and {(42) it follows that there exists a K > 0 such that
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oC

p=r+1 T

Inequalities (42) and (43) indicate that the infinite system (32) is quasiregular and
that its solution can therefore be determined by the reduction method.

Let us investigate the uniqueness of the solution of indinite system (32); we consider

the series
s

je.a]
3N ek n )

i} (44

The convergence of series (44) follows from (40), convergence of the series
o0
2 WF ks @ = const; o > 1)
n=1
and convergence of the double series provided the recurrent series converge in the case of
positive terms. The right-hand sides of {(32) belong to the space I; by virtue of {35). This
guarantees the fulfillment of the conditions of applicability of Hilbert’s theorem [6] whence
it follows that either (1) infinite system (32) has a unique solution belonging to I, or, (2)
homogeneous system (32) has a solution different from zero. The second case of Hilbert's
theorem does not apply, since this would violate the theorem on the uniqueness of the
solutions of boundary value problems of couple stress elasticity theory. It is therefore the
first case which applies.
In the case of two equal nonadjacent circular holes, the infinite system is quasiregular
and has a unique solution which can be determined by the reduction method if {1} o0 I
and T,ulr .1 are continuous functions whose first derivatives satisfy the Dirchlet
condition, and (2} p, . ., is a function which is continuous together with its first de-
rivative and whose second derivative satisfies the Dirichlet condition.

We note that the suggested approach can be applied to the solution of a number of
other plane problems of the theory of elasticity with couple stress,
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