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Only problems on the stress concentration near a single round hole have been investigated 

[l to 31 in the context of the plane problem o.f the theory of elasticity with couple stress. 

In the present paper we offer a method for solving plane problems of theory of elasti- 

city with couple stress for a plane, weakened by a finite number of arbitrarily situated 

circular unconnected holes. It is shown that the problems are reducible to infinite systems 

of algebraic equations. The basic inequalities and relations required to prove the quasi- 

regularity of infinite systems and the uniqueness of the solution are obtained. 

The problem of two circular holes of equal size is discussed in detail. The quasi- 

regularity and uniqueness of the solution of the resulting infinite system of algebraic 

equations is proved under the following conditions: (11 a self-balanced load is applied 

to the contours; (2) the normal and tangential components are continuous functions whose 

first derivatives satisfy the Dirichlet condition; (31 the distributed couples and first de- 

rivatives are continuous functions, while the second derivative satisfies the Dirichlet 

condition. 

Following [l], let us write out the basic equations of plane deformation of theory of 

elasticity with couple stresses in the polar coordinate system.* 

The basic equations are 

AAcp =O, A(A-+$)li,=o 

The compatibility equations are 

(1) 

* All coordinates and linear dimensions are dimensionless and referred to r,. 
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; $ (ro2 - PA) II, = 2 (1 - v) 1% & AT 

The stresses can be determined from the rela- 

tions 

Let us consider the state of stress of an infinite plane weakened by m circular holes 

(Fig. 1) of radius roRk (k = I, ._, m). 

To each of the holes we assign a coordinate system (xk, y$, 

x + iy = z, xk + i&t = Zkt zk = rkd’k, z = rei* 

2 = Zk + &, zk = Zq + RkceicpM 
(4) 

(k, y = 1, . , . , m) 

The solution of the problem then reduces to the solution of Equations (1) under con- 

dition (2) for the m-connected region S bormded by the contour L = L, + . . . + LI. It should 

be noted that this solution must satisfy the conditions of single-valued displacements aad 

the conditions ‘at infinity’; the latter reduce to the decay of the stress and strain compon- 

nente. 

The solution of Eqaations (1) nnder condition (2) for an m-connected region csn be 

written as 

(6) 

When the principal vector andprincipal moment of the stresses applied to each coatour 

are eqaal to zero, the conditions of single-valued displacements and the conditions ‘at 

infinity’ are fnlfilled provided we set 

C,(P) f D,(q) = 0 (q=l,..., m) (7) 

Let us represent solution (5) aad (6) in the k-th coordinate aystem. We begin by 

recalculating the hsrmoaic and bihamonic fanctions. To this end we consider a fnsction 
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which is analytic for 1 z\ < u 1 and expand it into a Taylor series for}zi < la 1, 

f (2, p, u) = (a - z)-~, (a - z)-~= i e”(Pn~~~~~ --& 
n==o 

03) 

setting here U = ~~~e~kq and z = ‘k (41, wo obtti 

For In r. we have the following series [4]: 

Sabstitattng (9) to (12) into (5) and (71, we obtain the eolation ha the k-th coordinate 

system in the form of Fourier series, which enable us to satisfy the boundary conditions 

at the k-th contour (k = 1, . . . . fn). 

Let us introduce into (5) and (6) the following new constants, the need for which will 

become more obvious below : 

c (q) = (91 
P %*a 7 E “‘= I#, y)xp,$9) P 113) 

n (a == 5 (11) 
P P*6 9 

Substituting (5) and (6) into the boundary conditions at the k-th contoar and taking 

account of (13) aad (9) to (13). we obtain the infinite system in the form 

B,(k)*xn(kf +. -jj 5 B, ;vq)x;q) L=: B,(k)** 

q=1 p=o 
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Here and below the rime next to the summation sign means that the term with q = k 

is omitted in the sum. X P k) n and R(nk)** are six-dimensional vector columns; R n (k)* =,, 

&q) 
ns P 

are the six-dimensional matrices 

(i, j= 1,. . . , 6) 

(15) 

multiplying ,cl’by I/Btk)* (it can he shown that Bfk)* 

we obtain the infinite systemsin the canonical form [6], s 

is a nondegenerate matrix), 

q=1 p=o 

A (Ir’ ‘) = IJQj (n, p, k, t~)/(v n, P 

(16) 

b,(k) = {bj(n, k)} (i,i= I,. . , 6) 

Let us cite certain relations required for proving the quasiregularity anduniqueness 

of the solutions of infinite systems of the form (16). From [7] and Stirling’s formula for 

InI > ]zf, we have 

K, (5) .-(@-p (fi” , fn (4 - +(+) (17) 

‘Y 
In addition, for any II we can obtain [S] the 

estimate 

’ II~(z)~<K&(;)~,&, &,...=comt (18) 

From (17) and (18), for a large R, we obtain 

FIG. 2 the following estimate : 

Relations (17) to (19) and various implications of expansion (8) are sufficient to 

prove the quasiregularity and uniqueness of the solutions of infinite systems under 

boundary conditions of fairly general form in the case of a finite number of arbitrarily 

situated nonadjacent holes. For conciseness, let us consider two holes of eqnal size. 

Let us examine the state of stress of an infinite plate weakened by two equal circular 

hoIes (Fig. 2) of radius ro, their centers separated by the distance Rro, 

fik = f, Rkq=R, (pm=@, fPa~=n (k= 1.2) (20) 

We shall assume that a load symmetrical with respect to the x- and y-axes has been 

applied to the hole contours. The boundary conditions can then be written as 
CC co 
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In accordance with (5) and (6) the solution satisfying the conditions of traction and 

geometric symmetry are taken in the form 

cp = A jln rl + In r2) -+ jYJ {A, [y + (-“r2,, “’ 1 + 
Tl=l J 

(22) 

-t G r. cos ne, 
- n-2 

+ (_l)n cos nep 

ran--2 II 
q= fj ~,[,C,?jsi*~e,.‘,‘~)~~~~~, ~)sinnO,]+8(1 

7l=l 

[ 

sin rLe, + f-1) n sin n e2 
X- 

rln 
R 

r2 1 A, = A,(l), C, = C,,(l), E,, = E,(l) 

In addition, we take account of the relations 

& ; C,(n-1)x 
n=1 

(23) 

(24) 

A,(2) =(-I)" n,(l), c,(2) = (_l)?&p, e,(2) zz? (-1)n /&‘I) (25) 

which are valid by virtue of the geometric and traction symmetry of the problem. A solution 

in the form (22) and (23) enables us to satisfy boundary conditions only at the contour of 

the left-hand hole; the boundary conditions at the contour of the right-hand hole are then 

satisfied automatically. From the conditions that the principal vector and principal moment 

at each contour are equal to zero and from the conditions ‘at infinity’, we obtain 

Jl) = Tw 
r rO' Cl = 0 (26) 

In accordance with (13), we introduce the following new constants into (22) and (23) : 

‘4, = z,, 1. c, =x*, 2, I?‘, .= I, (+I 2,,3 (27) 

Substituting (22) and (23) into the boundary conditions at the left-hand hole (21) and 

taking account of (3), (9) to (12). and (27), we obtain the infinite system. Let us consider 

this system for n = 0 and define 

I 

Taking account of (28). we obtain an infinite system of the form 

B; X, + 5 B,,,X, = B,,” (n==l,...,oo) 

P--l 

(28) 

(29) 

X, = (~n,j:, B,” = {O,“(n)}, U,,’ = I[ bij’ (II) II, II n,p=i/~ij(~z, 11) (i, i;l, 2, 3) 

Sere for n = 1 the first and second equations coincide and zt 2 = 0 by virtue of (27). 

Let us cite the values of bii* (n), bii (n,p). and b.** (n) for i, j= 1, 2, 3: 
I 
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bsI+ (n) = 0, bm* (n) = - 8 (1 -Y) $-II (n - I), bg*(n)=fKn’(~)I,,(+) 

h (n, p) = - 
(p-l-n-l)! 1 

(n-Z)l(p-1)I r&$=’ 

1 @$n-$)I 
blz lnv P) = ro2Rp+n-2 n! (p _ 2) 1 1 

r&z---n-2_ n(n--l) 

R$ p+n---l 

+ 

(P---)(n--1) 
ro%j$P+n-2 

1 
bat (n, PI = 2 

(P+n---)l 1 
(IL -2)! (p -I)1 RP+n 

b=h P)=$ tn 
(P ,-t n--1)! 1 

( 

n- 1 
-_)I(P-_)I IpWn-2 p+n-1 

-- 
$14 F&2 (301 

bl** (8) zz q@f - q.(O) % , b,** (n) = ~,e(*) + .r(O) ‘f=$- , bs** (n) = pr(=f 

Consider now the determinant 13,* 1. Making use of asymptotic forms more exact as 
compared with (171, for large n we obtain 

(31) 

From (31) it follows that the matrix Ba* is nondegenerate. Multnpkying (291 by I/B,*, 

we obtain the infinite system in canonical form, 

&I -i- i 4, pXp = Bn (n = i,..., 00) (32) 
$==I 

For n = 1 the first and second equations in (32) coincide, aad 1ct p = 0; 
I 
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From (17) to (19). (301, (31). and (331 we obtain the estimate 

1049 

(33) 

(i, j = 1, 2, 3) 

(34) 

We shall assume that crrtlrt = 1 and 7”ri B rlrl = I are continuous functions whose first 

derivatives satisfy the Dirichlet condition; err rl = 1 and its first derivative are continu- 

ous, its second derivative satisfying the Dirichlet condition. In this case from (17), (181, 

(301, (31). (331, and (8) weobtain 

Let us consider the sum 

It is clear that these sums are bounded for any n. Let us investigate the sum for 

large n. From (34) we obtain 

(36) 

(37) 

In order to sum the series on the right-hand side of (371, let us consider the function 

d 

Substituting (8) into (38) and differentiating term by term, we obtain 

un (n2 - 1) (n - 2) 

(a - zy 2 = i P-1 (n-_($-(;)i1)1 -&- (Izl<lal) 
p=1 

Setting z = 1 and u = R in (381, we find from (37) and (38) that 

; ]ai,j(n, p)l<& n(n2--)(n-2) (i, i = 1, 2, 3) 

P=r (R-l)“‘2 

In the case of nonadjacent holes, R > 2. This implies that 

i.e. that there is an no such that 

5 I “ij (It* P) I < I 01 -= IL0 $ l,..., OQ) 
p=1 

From (351 and (42) it follows that there exists a R > 0 such that 

(381 

(39) 

(40) 

(41) 

(42) 
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Inequalities (42) and (43) indicate that the infinite system (32) is quasiregular and 

that its solution can therefore be determined by the reduction method. 

Let us investigate the uniqueness of the solution of indinite system (32) ; we consider 

the series 

(44) 

The convergence of series (44) follows from (401, convergence of the series 

( ICI, Ii". Ct = const: o > 1) 

and convergence of the double series provided the recurrent series converge in the case of 

positive terms. The right-hand sides of (32) belong to the space I, by virtue of (35). This 

guarantees the ~lfillment of the conditions of applicability of Hilbert’s theorem [6] whence 

it follows that either (1) infinite system (32) has a unique solution belonging to I,, or, (2) 

homogeneous system (32) has a solution different from zero. The second case of Hilbert’s 

theorem does not apply, since this would violate the theorem on the uniqueness of the 

solutions of boundary value problems of couple stress elasticity theory. It is therefore the 

first case which applies. 

In the case of two equal nonadjacent circular holes, the infinite system is quasiregular 

and has a unique solution which can be determined by the reduction method if (1) crr,J r,_l 

and Tr,u,/ ?, I are continuous functions whose first derivatives satisfy the Dirchlet 

condition. and (2) p.,,,,, _r is a function which is continuous together with its first de- 

rivative and whose second derivative satisfies the Dirichlet condition. 

We note that the suggested approach can be applied to the solution of a number of 

other plane problems of the theory of elasticity with couple stress. 

1. 

2. 

3. 

4. 

5. 
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